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Hingeless Helicopter Rotor Response with Nonuniform Inflow
and Elastic Blade Bending
ROBERT A. ORMISTON* AND DAVID A.

U.S. Army Air Mobility R&D Laboratory, Moffett Field, Calif.

A generalized harmonic balance theory for the steady-state, linear, response characteristics of a hingeless
rotor in forward flight is presented and evaluated with the aid of recent experimental data. Comparisons of
several approximate representations for the rotor blade revealed that the simple rigid hinged blade is inad-
equate except at very low advance ratios, or high flap frequencies. For typical values of flap frequency the
first two elastic flap bending modes are required for accurate response predictions. Simplified models of
the nonuniform induced inflow were derived, using momentum arid vbrtex theory, and found to be the most
important factor in improving correlation with the data. An empirical inflow model was developed from the
experimental data by obtaining an inverse solution of the present theory. This inflow model was found to
be in reasonable agreement with the simple inflow theories for low advance ratios but revealed large
unexpected variations in the induced inflow of the rotor for advance ratios near 0.8.
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Nomenclature

= two-dimensional lift curve slope, rad"1

= tip loss factor
= number of blades
= blade chord, ft
= thrust coefficient, thrust/p-H-H2/?4

= roll moment coefficient, roll moment/p-TrO2/?5

— pitch moment coefficient, pitch moment/ p7TQ,2Rs

= dimensionless radial flapping hinge offset for rigid blade
= rotor blade pocket cutout, dimensionless radius of in-

effective blade area
= rotor blade bending stiffness
= generalized rotor thrust and moments
= number of flap bending modes
= nonuniform induced inflow matrix
= rotor blade mass distribution, slug/ft
= rotor response partial derivative matrix for control

inputs without inflow
= rotor response partial derivative matrix for induced

inflow components
= number of azimuthal harmonics
= nondimensional fundamental rotor blade flap frequency,

/7=o)/n . - , .
= rotor blade radial coordinate, ft
= rotor blade radius, ft
= freestream velocity, fps
= induced inflow velocity, fps
= mean induced velocity, fps
= rotor blade flap deflection, ft

= Lock number, r2dm

P
a
T

= equivalent Lock number, Eq. (25)
= generalized control inputs
= rotor blade pitch angle, rad

Oc = collective and cyclic pitch, rad
= generalized inflow components
= nondimensional induced velocity, A,- = vn

Ac = uniform and nonuniform induced velocity components
= advance ratio, U<v/R£l
= air density, slugs/ft3

= rotor solidity, bcjrrR
— nondimensional time, T = £lt=.ijf
= rotor blade azimuth position, rad
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H '= rotor blade angular velocity, rad/sec
ct> =• rotor blade flap frequency, rad/sec

Superscripts

Introduction

THE unique feature of hingeless rotors is the absence of rotor
blade flapping and lead-lag hinges found on conventional

articulated rotor helicopters. TJie cantilevered blades can
thus apply bending moments to the rotor hub, substantially
increasing the vehicle control power and damping and im-
proving maneuverability and flying qualities.

The steady-state rotor moments and thrust generated by
control imputs, i.e., the rotor response characteristics, are
therefore important basic properties of hingeless rotors.
Nevertheless, considerable uncertainty exists regarding the
importance of nonuniform induced inflow and higher mode,
elastic blade bending deflections in the prediction of these
response characteristics. The nonuniform inflow is a direct
result of the large hub moments developed by hingeless rotors.
Interestingly, neither the induced inflow nor elastic blade
bending are of comparable importance for articulated rotor
response.

The simplest method for predicting hingeless rotor response
employs a spring restrained, centrally hinged, rigid blade to
approximate the flapping deflections of the actual cantilevered
elastic blade. This model, including reversed flow effects on
the retreating blades, but not induced inflow, was used by
Sissingh1 to predict rotor response at high advance ratios,
and was recently correlated with wind-tunnel measurements
of a 7.5 ft model at the Ames Directorate, USAAMRDL.2
The qualitative response characteristics were reasonably well
predicted by the theory, but significant discrepancies were
present, especially in hover and at low advance ratio. A
similar theory3 using an approximate mode shape for the
first flap mode was correlated with wind-tunnel data for a 33'
hingeless rotor, yielding similar results.

A more elaborate theory by Shupe,4 including the first two
elastic flap bending modes, and a simplified representation of
nonuniform Inflow based on momentum theory indicated
that both the second flap bending mode and the inflow could
significantly influence hingeless rotor response. These
important results were not substantiated in detail, however,
and were restricted to low advance ratios because reversed
flow effects were not included.
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The evident lack of full understanding of these factors and
their important relationship to the fundamental response
characteristics of hingeless rotors led to the present investigat-
ion. A comprehensive theory is used to examine analytically
the relative importance of various flap bending modes and
mode shapes, and to evaluate several simplified models of
nonuniform induced inflow. The theory is also evaluated by
comparison with experimentally measured data from both
small and large scale hingeless rotors.

Generalized Harmonic Balance Method
for Hingeless Rotor Blades

This technique is a generalization of the simple harmonic
balance methods which have long been used to predict
articulated rotor response, except that an arbitrary number of
elastic bending modes, and azimuthal harmonics for the
amplitude of each mode are included, in addition to a rational
treatment of reversed flow aerodynamics.

We begin with the linear equation of motion for the
deflection of an elastic beam5 subject to a distributed aero-
dynamic load F, (Ib/ft), written in the rotating coordinate
system,

(£7wT + m&2w + Q2[mrw' - w" J* mrdr] = (1)

The associated expressions for bending moment and shear
at the blade root are

M(0,r) - f * [F - m&2(w + w)]rdr
Jo

K(0,r)= r[F-m&2w]dr
Jo

(2)

(3)

The blade root bending moment is transformed into a station-
ary coordinate system, to yield the pitch and roll moment of
the rotor. The ultimate solution of Eq. (1) yields the blade
deflections, and together with Eqs. (2) and (3) the rotor thrust
and moments which are the desired response parameters.
Assuming an approximate expression for the blade deflection
in terms of elastic bending modes </>j(r),

PR (4)

For the present analysis, the modal functions <f>j(r) were
approximated by the common bending modes for a uniform
nonrotating cantilever beam which are available in Ref. 5.
The nonrotating modes are a reasonable approximation for
rotating beam modes which can be found in Ref. 6.

The bending mode amplitudes are expressed in a Fourier
series in terms of nondimensional time or equivalently the
rotor blade azimuthal position 0. This series is truncated
at the highest azimuthal harmonic of interest N. In general,
for an arbitrary number / of elastic modes there will be TV
harmonics for each mode.

j O) = a/o + S (
n=l

/; + bjnsinniff) (5)

The aerodynamic loading may be expressed in terms of
harmonics of the blade bending mode amplitudes (ajn> bjn)
and the blade mode shapes </>./. Galerkin's method is then
used to reduce the partial differential equation, Eq. (1), to /
ordinary differential equations in terms of qj. Substitution
of the assumed Fourier series for qj9 Eq. (5), gives an equation

in terms of each of the sine and cosine harmonics present.
The coefficients of these harmonics, which are linear combi-
nations of the bending mode harmonic amplitudes («/„, bjn),
are set equal to zero giving (2N + I)/linear algebraic equations
in terms of ajn, bjn. Finally, these may be used in Eqs. (2)
and (3) to yield the rotor thrust and moment response charac-
teristics.

Aerodynamic Loading

Since the basic equations for the aerodynamic load distri-
bution are available in the literature1 only a brief description
of their derivation will be given. The lift per unit span may
be written as

= s(pac/2)(UT
20 - (6)

The parameter s accounts for the sign reversal of F in the
reversed flow region, and s = ± 1 when r/R ^
The velocity components UT and UP are given by

(7)

(8)

, = r/R +

Up/RQ, = w/R + \t H- ju,w'cos«/f

It is here that the effects of induced inflow and elastic blade
bending are directly evident. Both the deflection and slope
of the blade contribute to the perpendicular velocity com-
ponent UP. In general the induced inflow is a1 function of
radius and azimuth, Xt = A£(r,i/r), but only the azimuthal
nonuniformity will be retained. Furthermore Xt will be
approximated by a truncated Fourier series

A; = A0 + Assin?/f + Accos</f (9)

The usual uniform inflow of classical rotor aerodynamics is
represented by A0, while the nonuniform inflow treated in
this paper is embodied in As and Ac. The rotor blade pitch
angle 0 is given by the usual equation for collective, longitu-
dinal cyclic, and lateral cyclic pitch

6 — 00 + dssiniff + #ccost/f (10)

When these equations are combined and integrated using
Galerkin's method the resulting areodynamic loading becomes
a linear combination of the independent parameters of the
problem. If the integrated loading is denoted by F this
implies

= F(eo,0,,Oc\09\89Xe) (11)
Each of these parameters may be considered control inputs or
forcing functions of the aerodynamic loading. The constant
of proportionality for each control input is nonanalytic because
of the reversed flow region but can be represented by a Fourier
series in ^. Furthermore, the coefficients of each Fourier
harmonic are functions of the blade bending mode shapes and
their derivatives, </>,-, </>/, the advance ratio //,, the tip loss
factor B, and pocket cutout epc.

Results of Generalized Harmonic Balance Method

The results obtained from the generalized harmonic balance
method include the N azimuthal harmonics of the rotor blade
deflection for each of the / bending modes. The harmonics
of rotor thrust, pitch moment, and roll moment which result
from summation of the contributions of all bending modes
in Eqs. (2) and (3) are also obtained. For the present purposes
only the steady-state components of the thrust and moment
response for each of the control input parameters are relevant.
Since these response components are actually partial deriva-
tives with respect to the various control inputs, the total
differentials of the thrust and moments can be written con-
cisely in matrix notation as follows:
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ao

~8(CT/aa) 8(CT/aa) 8(CTlaa)~
80O 80S 80C

8\Ci/aa) 8\Ci/aa) 8\Cilaa)
o/D o/J <3/3
GU0 CUS CVC

8(Cmlaa) 8(Cm/aa) 8(Cm/aa)
8(J0 80* 89C

~8(CT/aa) 8(CT/aa) 8(Cr

/ \
d00

d0s

d0c

\ J
Ida)-}

C A.0 £7 AS uA.c
o//^r / \ Ci/ /"< / \ Q//^ / \v(Lsilaa) c(Lsilaa) o{(^i/aa)

8X0 dXs dXc
8(Cm/aa) 8(Cm/aa) 8(Cm/aa)

8X0 8XS 8XC

/ \
dX0

dXs

dXc

\ )

(12)

The separate grouping of the response derivatives emphasizes
the difference between the actual physical control inputs
(00,#S,0C) and the "inputs" due to the three induced inflow
components (A0,AS,AC).

Induced Inflow Theory

The important role of induced inflow for the solution of the
rotor response problem is illustrated by Eq. (12). The
physical control inputs are considered independent parameters
while the inflow components are dependent variables related
to the thrust and moments produced by the rotor. The
complete solution for the rotor response derivatives is
obtained only when the inflow components do not appear
explicitly in Eq. (12). This can be accomplished quite simply
if the following linear relationship between the inflow com-
ponents and the rotor thrust and moments is postulated:

— (13)

/ \

dX0

dXs

dXc

\ )

dX0 dX0 dX0

d(CT/aa) d(dlaa) d(Cm/aa)
dXs dXs dXs

d(CT/aa) d(d/aa) d(Cm/aa)
dXc dXc dXc

\_d(CT/aa) d(dlaa) d(Cm/a<j)]

(J€T\
aa

iCi
aa

,cm
\ aa)

Equations (12) and (13) may be written as follows:
= [M]{d9}+[N]{dX}
{dX}=[L]{dF}

(14)

(15)
Now {dF}, {d0}, and {dX} are vectors representing the general-
ized rotor forces, control parameters, and inflow components
respectively. The general nonuniform inflow model is
denoted by the matrix [L] while [M] and [TV] are the rotor
response partial derivatives from the generalized harmonic
balance method. Simultaneous solution of these equations
yields the desired relation for the generalized rotor response
forces

{dF} = [M']{d0} (16)
where

(17)
Here the matrix [M'] is composed of the rotor response partial
derivatives including the effects of nonuniform induced inflow.
A comparison of [M] and [M'] would directly reveal the magni-
tude of the inflow contribution to the rotor response character-
istics.

While no rigorous theoretical justification exists for the
form of the inflow-force relation embodied in Eq. (13) it does
represent a convenient formulation for use with the harmonic
balance method, and can easily accommodate a variety of
simple approximations, based on momentum or vortex theory,
for the various inflow derivatives. Furthermore, it has the
advantage of permitting the solution of an inverse problem,

i.e., determining the inflow components indirectly from
experimental data.

Inverse Problem

With the present formulation of the induced inflow theory
it is a simple matter to solve the inverse problem for the
inflow matrix [L] itself. Given experimental measurements
for the rotor response derivatives [M'] and the response
partial derivatives for the control inputs and inflow compo-
nents [M] and [TV], respectively, from the generalized harmonic
balance method, Eq. (17) can be used to obtain an empirical
estimate for the inflow matrix [L]

Nonuniform Induced Inflow Models

Since the inflow model postulated by Eq. (13) is only an
approximation for the highly complex induced velocity field
of a rotor it is consistent to use simplified methods to estimate
the individual inflow derivatives.

The first method employs classical rotor momentum theory7

applicable to forward flight conditions. The differential
force on an elemental area of the rotor disc is given by
dF = 2vt dm where 2vt.is the total change in velocity normal
to the disc. The differential mass flow through the element
is based on the resultant vector velocity at the element

dm = p | V | r drdifj (19)
For the case of freestream velocity parallel to the rotor disc
and negligible mean inflow (nonlifting rotor condition) the
resultant velocity is |V| ~ U«>. In the hover condition at
high thrust (high mean inflow, v0) the resultant velocity is
|V| ~ v0. When these equations are combined with Eq. (9)
and integrated over the rotor disk, linearized expressions for
the thrust and moment are obtained in terms of the inflow
components A0, As, Ac. The inflow model [L] then becomes,
for the hover condition

dX0

dXj

i 0
0 -i

0

0 0 -

(dCTlaa\
Iddlaa}^ (20)
(dCm/aa)

and for the forward flight condition

0 0
0 -1
0 0 -!

(dCT/aa\
ldd/aa\
(dCm/aa)

(21)

A second method for deriving an inflow model, amenable to
the forward flight condition, is based on simple vortex systems
arranged to produce the desired forces and moments. Con-
sider the rotor to be represented by a simple horseshoe
vortex system consisting of a bound vortex of circulation F
at the lateral axis with two trailing vortices extending rear-
ward in the plane of rotation. This vortex system will
produce a longitudinal gradient of induced velocity at the
center of the rotor. Accounting for both the bound and
trailing vortices the gradient is approximately

dvt/dr £ (22)

The longitudinal gradient is also related to the cosine com-
ponent of the induced velocity, vc = T/TrR. Furthermore the
rotor thrust is given by T=2pUOQTR. These equations can
be combined and nondimensionalized to yield,

Xc = (23)

Similar relations can be developed for the inflow derivatives
dX0/d(CT/aa) and dXs/d(Ci/aa)with proper choice of the vortex
geometry. Such results very nearly match the momentum
theory; hence they will not be detailed here. An exception
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Fig. 1 Effect of elastic bending modes and hinge offset on rotor
response partial derivatives without induced inflow, p = 1.2, y — 5.0,

5 = 0.97, £?pc = 0.0.

is that the vortex modeling does not predict a d\c/d(Cmlaa)
inflow derivative. An inflow model based on vortex theory
then becomes

i 0 0'
0 7-f 0
t 0 0

fdCr/aa
dCi/aa (24)

These simple theoretical inflow models lend themselves to
physical interpretation of the character of the induced inflow
of a rotor. Especially in the case of the momentum theory it
is evident that forces distributed around the rotor azimuth
accelerate the air stream at those points, producing a similar
distribution of induced velocity. In essence the air stream
yields in response to forces applied to it. Furthermore the
resulting induced velocities are inversely proportional to the
mean inflow A0 in hover and the advance ratio ^ in forward
flight. Therefore, the higher the thrust or forward velocity in
hover or forward flight, respectively, the lower the incre-
mental induced velocities.

Theoretical Results

The generalized harmonic balance method was used to
investigate the effects of the number of flap bending modes
and mode shape on two representative rotor response partial
derivatives. The simplest model is the spring restrained,
centrally hinged (e = 0) rigid blade. A more accurate rigid
blade model incorporates an offset flapping hinge (e = 0.25)
and gives a closer approximation to the shape of the actual
first elastic flap mode. Two cases using the elastic blade
bending modes were examined, with a single first flap mode
(/ = 1) and with the first and second flap modes (/ = 2),
respectively. The results for these four configurations are
shown in Figs. 1 and 2. At low advance ratios, the elastic
bending effects are negligible and the simple rigid blade

1.2 1.4 1.6 1.8 2.0
NONDIMENSIONAL FLAP FREQUENCY, p

2.2

Fig. 2 Effect of elastic bending modes and hinge offset on rotor
response partial derivatives without induced inflow, p, = 1.0, y — 5.0,

5 = 0.97,^ = 0.0.

representation is quite accurate. At moderately high advance
ratios, considerable differences arise. Figure 2, for ^ = 1.0,
illustrates that these differences are highly dependent on the
nondimensional rotating flap frequency p. For very stiff
blades, (large p) the simple rigid blade representations are
adequate but for flexible blades, typical of hingeless rotors
(p ~ 1.15) the more exact modal representations are required.
In particular, the second flap bending mode is important for
accurate response predictions.

To illustrate the main effects of nonuniform inflow, Eq. (17)
was used to predict the response derivatives in Fig. 3 using
the momentum theory inflow model. Because of the inverse
relationship of induced inflow with advance ratio, the large
reduction in control power d(Cm/aa)/d6s at low p is not sur-
prising. For the momentum theory the inflow derivative
matrix, Eq. (24), is diagonal and all nine response derivatives
vanish in the limit as ft approaches zero. Since the simple
inflow theories were derived for zero rotor lift in forward
flight, they are valid only for zero mean inflow, X0. For the
lifting rotor condition, however, Eq. (24) would be dependent
on A0 and not all of the response derivatives would vanish
for /z = 0.

It is significant to point out that the inverse relationship
of inflow with advance ratio can be intuitively misleading.
Many researchers have neglected the effects of induced inflow
at high advance ratio on this basis. The results in Fig. 3,
however, show this assumption to be incorrect. For
d(Cm/ad)/dOs the effects of inflow at low advance ratio do
dimmish with increasing ^, but only up to a point. Beyond
that, the rotor response becomes increasingly sensitive to the
effects of inflow. For d(CT/aa)/dOs, the effect of inflow
increases continuously with IJL for the entire advance ratio
range.

Comparison of Theory and Experimental Data
The principle experimental data to be used in the following

correlations was obtained with 7.5 ft hingeless rotor model
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d(CT/Qcr)

d(cm/ao-;
as .10

.08

.06

.04

.02

———— NO INFLOW, X = 0
— —— MOMENTUM THEORY, \M, Eq.(2l)

.4 .6 . .8
ADVANCE RATIO, JJL

1.0 1.2

Fig. 3 Effect of nominiform induced inflow on rotor response
derivatives, CT/cr = 0.0, p = 1.2, y = 5.0, B = 0.97, epc = 0.0,

aa = 0.729, /= 1.

tested in the USAAMRDL-Ames wind tunnel.2 •8 The model
configuration and test conditions varied over a wide para-
meter range, including flap frequencies from p = l.l 1 to
2.32 and advance ratios from ^ = 0.07 to 1.75. Two different
rotor blade bending stiffness distributions and Lock numbers
were included. As a result rotor response measurements were
obtained for a total of approximately 40 test points having
various combinations of these parameters.

Empirical Induced Inflow Model

The experimental data will first be used to obtain an em-
pirical induced inflow model for comparison with the simple
inflow theories presented previously. Equation (18) has been
solved at each of the test points of the 7.5 ft model data.
Since at each test point more response derivatives were
measured than the nine unknown inflow derivatives of [L]
a least-squares method was used to find the best empirical
inflow model at each test point. Each of the inflow derivatives
was normalized by aa/p, for comparison with the theoretical
values of Eq. (21) and (24). The results of this procedure
are shown in Fig. 4 with individual points for each inflow
derivative plotted for each of the experimental test points.
The line faired through these points will be referred to as the
empirical inflow model.

At very low advance ratio 0 < p. < 0.4 most of the simple
momentum and vortex theory inflow derivatives, Eqs. (21)
and (24) are in qualitative agreement with the experimental
data. Two of the derivatives, d\0/d(CT/acr) and d\c\d(CT\av\
are even in close quantitative agreement.
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Fig. 4 Empirical nominiform induced inflow model.

At higher advances ratios, six of the empirical inflow
derivatives exhibit highly unusual behavior in the form of
pronounced peaks centered around p, ~ 0.8. The consistency
of these peaks suggests that the reversed flow region of the
rotor may in some way exert a strong influence on the basic
character of the induced velocity field of a hingeless rotor.
At advance ratios near 0.8 the reversed flow region is large
and the dynamic pressure relative to the rotor blade is greatly
reduced. Thus the effective lifting area of the rotor disk is
also correspondingly reduced. At higher advance ratios the
reversed flow region is enlarged, but the dynamic pressure
is no longer small and the full rotor disk area is aerodynami-
cally effective. Therefore, for advance ratios near one, the
reduction in effective rotor disk area would require higher
loading per unit area and consequently increased induced
inflow.

Since a significant degree of scattering is present in the
experimental points of Fig. 4 some comment is warranted with
regard to possible implications for the theoretical inflow
model postulated by Eq. (13). First, however, it should be
pointed out that considerable scattering could be expected
from the influence of experimental error and inaccuracies of
the generalized harmonic balance method. This is because
the calculation of the inflow model is quite sensitive to
relatively small differences between the theoretical (without
inflow) and experimental response derivatives.

A more fundamental reason for the scattering could be
related to the assumption, inherent in Eq. (13), that the inflow
model is independent of rotor configuration parameters such
as flap frequency (p), Lock number, and the flap bending
mode shapes. These factors certainly influence the distribu-
tion of aerodynamic loading on the rotor, which uniquely
determines the distribution of induced inflow. Therefore, it
would be possible for two different rotors, generating the
same total thrust and moments, to have different aerodynamic
loading distributions and induced inflows. Although the
present experimental data encompassed ten different values
of flap frequency, no consistent trends were discernable
in the empirical results. It is likely that analysis of additional
experimental data will be required to establish the uniqueness
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-.05 r

Fig. 5 Comparison of theory with 7.5-ft model
data in hover, CT/a = 0.012, y = 5.0, B = 0.97,

epc = 0.0, ao- = 0.729, e = 0.0.

,01

THFORY/"~~NO INFLOW, X=0
- V—MOMENTUM THEORY, XMr

Eq. (20)
o EXPERIMENT DATA

Ref. 2

1.0 1.2 1.0 -1.2
NONDIMENSIONAL FLAP FREQUENCY, p

1.4 1.6 1.8

of the postulated inflow model with respect to configuration
parameters.

Hover Condition

Correlation of theory and experiment for the hover, condi-
tion is shown in Fig. 5. Theoretical pitch and roll moment
response to longitudinal cyclic pitch is shown both with and
without nonuniform inflow based on momentum theory,
Eq. (20). Because of the irisensitivity of the harmonic
balance theory to rotor blade mode shape for ju< = 0, the
results were computed for the simple rigid blade model
without hinge offset, e,= 0.0. The magnitude of the reduction
in rotor control power, accentuated by the low value of mean
inflow A0, is quite reasonably predicted by the simple momen-
tum theory nonuniform inflow.

Low Advance Ratio Correlation

Selected rotor response derivatives using the various
inflow models are compared with experimental data of Ref. 8
in Fig. 6 for the low advance ratio range. The theory without
inflow is clearly inadequate and characteristically over-
estimates the measured results. Intuitively, this reflects the
fact that the theory neglects the deflection of the airstream as
it reacts to the forces and moments applied by the rotor.

The momentum theory inflow model, Am, Eq. (21) fairly

consistently, reduces the response derivatives, analogous to the
hover results and significantly improves the correlation with
the data. The inadequacies of the momentum inflow theory,
however, are evident in comparison with several unusual
features exhibited by the data, such as the reversal of d
(Ci/aa)/d90 and the magnification of d(Cmlao)/d00 at low
advance ratio.

Shupe4 proposed a convenient method of accounting for
nonuniform inflow which defines an equivalent Lock number
y*, derived on the basis of momentum theory, in terms of
the actual Lock number

(25)

As shown in Fig. 6, the results are comparable to the momen-
tum theory inflow model.

The vortex theory inflow model Xv, Eq. (24), improves the
qualitative behavior of response derivatives, particularly in
connection with the discrepancies noted above for the momen-
tum theory. This is almost entirely due to the nondiagonal
inflow derivative dXc/d(CT/aa) of Eq. (24). However, this
derivative is unrealistic at very low //, because it produces a
divergence in the d(Cm/aa)/d80 response derivative.

Although the momentum and vortex theory inflow models
reproduced nearly all of the characteristics of the measured
data, their qualitative accuracy for the entire group of
response derivatives is not adequate. Theoretical predictions

.2 .3 .4 . .5
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.08
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Eq. (21)
——— VORTEX THEORY, Xv,

Eq. (24)
——— EMPIRICAL INFLOW, Xe ,

Eq. (18)
—— /* Eq. (25)

o EXPERIMENT DATA, Ref. 8

Fig. 6
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Comparison of theory with 7.5-ft model data at low advance
CV/aa = 0.0, jp=l.i7, y = 4.2, 5 = 0.97, epc = 0.25,
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Fig. 7
ratio,

——— NO INFLOW, X = 0
——— MOMENTUM THEORY, XM, Eq. (21)
——— VORTEX THEORY, Xv, Eq. (24)
——— EMPIRICAL INFLOW, Xe, Eq. (18)

o EXPERIMENT DATA, Ref. 2

Comparison of theory with 7.5-ft model data at high advance
CT/flcr = 0.0, /? = 2.32, y = 4.2, 5 = 0.97, epc

aa = 0.129,J=2.
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d(Cm/acr)
.04

- V = 5 0 k t s

-P=2.I5
.02

0

-.14

2.70

d(cz/ao-)

-.06
DATA

o 33 ft ROTOR, Ref. 3 ~06

D 7.5 ft ROTOR, Ref. 2

.4 .6 .8 IJD 1.2 """.4 .6 .8 1.0 1.2
ADVANCE RATIO, JJL

Fig. 8 Comparison of theory with 33-ft model data, CT/a = 0.0,
y = 4.57, B = 0.97, epc = 0.0, acr = 0.387, / = 2.

using the empirical inflow model of Fig. 4 would be expected
to give the best correlation, and are indeed a significant
improvement over those using the purely theoretical inflow
models. (The small discrepancies in this coireltaion are
due to the imperfect least squares solution for each data
point in Fig. 4 and the deviations from the faired curve because
of scattering).

High Advance Ratio Correlation

A second correlation is given in Fig. 7 for an advance ratio
range which encompasses the region of the pronounced
peaks observed in the empirical inflow derivatives. The
experimental data, taken from Ref. 2, is qualitatively similar
to the low advance ratio case except that some of the response
derivatives substantially exceed the theoretical predictions
without induced inflow. One reason for this may be the
high value of flap frequency, p — 2.32, but also, important is
the effect of induced inflow at these high advance ratios.
These effects render the simple momentum and vortex
theories even more inadequate than the previous correlation
at low advance ratio because of their tendency to diminish
each of the theoretical response derivatives.

The empirical inflow model again yields an adequate cor-
relation with the experimental data, however undesirable
perturbations are present for advance ratios where the
peaking occurs in the empirical inflow model. These perturba-
tions could be reduced by refining the fairing of the peaks
in the curves of the empirical inflow model in Fig. 4.

Large-Scale Model Correlation

It is of interest to apply the methods developed for the study
of the small scale rotor model data to experimental results
obtained with a large scale hingeless rotor model. Reference
3 contains data for a 33-ft-diam model and selected results
are correlated with the present theories in Fig.-8. The advance

ratio of the test data was changed by varying rotor angular
velocity which also changed the rotor blade flap frequency.
The resulting value of p is noted beside each data point.

The theory without inflow is shown to be inadequate as in
the previous correlations, but the discrepancy becomes
particularly pronounced for the pitching moment response
at high advance ratio. The various inflow theories are shown
to improve the correlation especially for the roll moment
response. The empirical inflow obtained from the 7.5-ft-
model rotor data provides the best correlation, however, a
large discrepancy remains for the pitching moment response
at the high advance ratio points.. A possible explanation is
the extremely large value of flap frequency. If it is true that
this is the significant factor, then it could imply that the
empirical inflow model is not independent of configuration
parameters as discussed above.

Conclusions

1) For very low jx or high p, the simple approximations
for the first flap bending mode give accurate results. But for
moderate values of JK, and j?, the first two elastic flap modes
must be used to accurately predict hingeless rotor response.

2) The effects of induced inflow are important for both
low and high advance ratios. The simple vortex theory gave
nearly adequate correlation with measured response data.

3) The empirical inflow model presented above can be used
to obtain the best prediction of hingeless rotor response, but
its sensitivity to rotor configuration parameters remains to be
established.

4) The empirical inflow model revealed large unexpected
variations in the induced inflow characteristics of the rotor
for advance ratios near 0.8.
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